
1 Geometrical Algebra in 2 dimensionsGeometrial Algebra (see http://www.mrao.am.a.uk/∼li�ord/) use vetors −→e 1, −→e 2 and buildwith it and with the ommutator and the antiommutator. The salar \produt" is then1.1 1/2 f−→e1;−→e2g = 0while in two dimension the ommutator is a unique element whih \represent" the surfae objet η:1.2 η
def
= 1/2 [−→e1;−→e2]The algebra build with −→e1, −→e2 and η is very simple:1.3 . −→e1

−→e2 η
−→e1 1 η −→e2
−→e2 −η 1 −−→e1

η −−→e2
−→e1 −1The algebra says that η antiommute with all the vetor η −→a = −−→a η. A very simple properties that willbe used here is related to the rotation of −→a by an angle θ in the trigonometri sens &:1.4 −→a ′

= e−ηθ/2−→a eηθ/2 = e−ηθ−→a = −→a eηθ so η −→a is ⊥ to −→aIf we have 2 vetors −→a and −→
b and if S△ is the surfae of the triangle based on −→a and −→

b , then1.5 [−→a ,
−→
b ] = 4 η S△

S△ > 0 if the △ is oriented &or < 0 if △ '.Using Geometrial Algebra unable us to avoid trigonometry, oordinates, analytial geometry, ... we an justuse very simple, non-ommutative, vetor algebra. In the plane everything would \ressemble" to omplexnumber manipulation and indeed there is a isomorphism between geometrial algebra and the omplex plane.But the power of GA is greater and ould be extend to any dimension.For example we have some nie properties onneted to the triangle building by rotation: rotating −→
AB willlead to −→

BC, rotating −→
BC will give −→

CA et...:1.6 −→
AB

|AB|
eηβ =

−→
BC

|BC|
and −→

BC

|BC|
eηγ =

−→
CA

|CA|
and −→

CA

|CA|
eηα =

−→
AB

|AB|we an from these relation ompute the surfae using the geometrial algebra as a tool:1.7 4 η S△ = [
−→
AB,

−→
BC] =

|BC|

|AB|
[
−→
AB,

−→
AB eηβ]

=
|BC|

|AB|

(

−→
AB

−→
ABeηβ −

−→
ABeηβ−→

AB
)

= |BC| |AB|
(

eηβ − e−ηβ
)

= 2 η |BC| |AB| sinβ

S△ =
1

2
|AB| |BC| sinβ =

1

2
|BC| |CA| sinγ =

1

2
|CA| |AB| sinα
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It is also trivial to see another very lassial result:1.8 f−→AB,
−→
BCg =

|BC|

|AB|
f−→AB,

−→
AB eηβg =

|BC|

|AB|

(

−→
AB

−→
ABeηβ +

−→
ABeηβ−→

AB
)

= 2 |AB| |BC| osβIf we introdue an extra point, say O, whih ould be the enter of the oordinate system for example, wehave the funny relation:
1.9 4 η S△ = [

−→
AB,

−→
BC] = [

−−→
AO +

−→
OB,

−→
BO +

−−→
OC]

= [
−−→
AO,

−→
BO] + [

−−→
AO,

−−→
OC] + [

−→
OB,

−−→
OC]

= [
−−→
OA,

−→
OB] + [

−→
OB,

−−→
OC] + [

−−→
OC,

−−→
OA]

= [
−→
BO,

−−→
OA] + [

−−→
CO,

−→
OB] + [

−−→
AO,

−−→
OC]

SABC = SBOA + SCOB + SAOC

2 The triangle iterationLet's now build the iteration proess. If ABC is a triangle. Let A′ the symetri of A by respet to
−→
BC. The vetor −−→

AA′ is ⊥ to −→
BC so we an diretly write this property as: −−→

AA′ = λ η
−→
BC where λ is a realnumber.

A
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a

b

β

γ

α
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The parameter λ is determine using the algebra properties and also −−−→
AAh = 2

−−→
AA′, the surfae of thetriangle, and the fat that −−→

BAh is ‖ to −→
BC:

2.1 [
−→
AB,

−→
BC] = [

−−−→
AAh +

−−→
AhB;−→BC] = [

−−−→
AAh;−→BC] = 4 η S△

[
−−→
AA′,

−→
BC] = 2 [

−→
AB,

−→
BC]

λ[η
−→
BC,

−→
BC] = 8 η S△

λ
(

η
−→
BC

−→
BC −

−→
BC η

−→
BC

)

= 8 η S△

2 λ η |BC|2 = 8 η S△

λ =
4 S△

|BC|2
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So the iteration proess ould be written as2.2 




−−→
AA′ =

4 S△

|BC|2
η

−→
BC

−−→
BB′ =

4 S△

|CA|2
η

−→
CA

−−→
CC′ =

4 S△

|AB|2
η

−→
AB

→






−−→
OA′ =

−−→
OA +

4 S△

|BC|2
η

−→
BC

−−→
OB′ =

−→
OB +

4 S△

|CA|2
η

−→
CA

−−→
OC′ =

−−→
OC +

4 S△

|AB|2
η

−→
ABThis is a very short expression of the iteration. We an even go one step futher and express:2.3 −−→

A′B′ =
−→
AB +

4 S△

|CA|2
η
−→
CA −

4 S△

|BC|2
η
−→
BCBut2.4 −→

CA =
|CA|

|AB|

−→
AB e−ηα and −→

BC =
|BC|

|AB|

−→
AB eηβso2.5 −−→

A′B′ =
−→
AB +

4 S△

|CA|2
η
|CA|

|AB|

−→
AB e−ηα −

4 S△

|BC|2
η
|BC|

|AB|

−→
AB eηβ

=

(

1 +
4S△

|CA||AB|
η eηα −

4S△

|BC||AB|
η e−ηβ

)

−→
AB

=
(

1 + 2 sinα η eηα − 2 sinβ η e−ηβ
) −→
AB

−−→
A′B′ =

(

−1 + e2ηα + e−2ηβ
) −→

ABwhih shows that the transformation is just adding to −
−→
AB the two rotated &vetor by −2α and 2β (seebelow)
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2.6 −−→
A′B′ = ((−1 + os 2α + os 2β) + η (sin 2α − sin2β))

−→
ABthis last expression is another way to express the relation between the two triangle and ould be written as:2.7 −−→

A′B′ = Zαβ eη ξαβ
−→
AB and −−→

B′C′ = Zβγ eη ξβγ
−→
BC and −−→

C′A′ = Zγα eη ξγα
−→
CAwhere Z orrespond to a \dilatation" while eη ξ a rotation in the '.2.8 Z2 = 3 − 2 os[2α] − 2 os[2β] + 2 os[2(α + β)]
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and of ourse:2.9 Z osξ = −1 + os 2α + os 2β and Z sinξ = sin 2α − sin 2βThe new length is given by2.10 |A′B′|2 = Z2 |AB|2An other way to ompute the new length is provided by the �rst formula for the iteration [2.3].2.11 |A′B′|2 =
1

2
f−−→A′B′,

−−→
A′B′g =

1

2
f−→AB +

4 S△

|CA|2
η
−→
CA −

4 S△

|BC|2
η
−→
BC,

−→
AB +

4 S△

|CA|2
η
−→
CA −

4 S△

|BC|2
η
−→
BCgafter the expansion we �nd:2.12 |A′B′|2 = |AB|2 − 8 S△ sin 2γWe an show easily that Zmax = 3 for the \zero" triangle α = π/2, β = π/2 nd γ = π. So the maximumdilatation produed by the iteration on one side is 3. For the other side of the triangle we an ompute2.13 Z(π/2, π/2) = 3 Z(π/2, π) = 1For equilateral triangle we have for the 3 side the same relation:2.14 Z = 2 and Z osξ = −2 Z sinξ = 0so we have just a dilatation by a fator of 2 and a rotation of π of all the side of the triangle whih remainsthen equilateral.

A
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3 Surface evolutionLet's see what happens with the surfae after the transformation ABC → A′B′C′. We an do this,for example, by alulating3.1 4 η S′

△
= [

−−→
A′B′,

−−→
B′C′] = [

−−→
OA′,

−−→
OB′] + [

−−→
OB′,

−−→
OC′] + [

−−→
OC′,

−−→
OA′]
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3.2 [
−−→
A′B′,

−−→
B′C′] =

[−→
AB +

4 S△

|CA|2
η

−→
CA −

4 S△

|BC|2
η

−→
BC,

−→
BC +

4 S△

|AB|2
η

−→
AB −

4 S△

|CA|2
η

−→
CA

]

= [
−→
AB,

−→
BC] +

4 S△

|AB|2
[
−→
AB, η

−→
AB] −

4 S△

|CA|2
[
−→
AB, η

−→
CA] +

4 S△

|CA|2
[η

−→
CA,

−→
BC] +

16S2
△

|CA|2|AB|2
[η

−→
CA, η

−→
AB]

−
4S△

|BC|2
[η

−→
BC,

−→
BC] −

16S2
△

|BC|2|AB|2
[η

−→
BC, η

−→
AB] +

16S2
△

|BC|2|CA|2
[η

−→
BC, η

−→
CA]

= 4S△η − 8S△η +
4 S△

|CA|2
ηf−→AB,

−→
CAg +

4 S△

|CA|2
ηf−→CA,

−→
BCg +

16S2
△

|CA|2|AB|2
[
−→
CA,

−→
AB]

− 8S△η −
16S2

△

|BC|2|AB|2
[
−→
BC,

−→
AB] +

16S2
△

|BC|2|CA|2
[
−→
BC,

−→
CA]We have3.3 [

−→
CA;−→AB] = [

−→
CB +

−→
BA,

−→
AB] = [

−→
AB,

−→
BC] = 4 η S△

[
−→
BC,

−→
AB] = −4 η S△

[
−→
BC,

−→
CA] = 4 η S△f−→AB,
−→
CAg + f−→CA,

−→
BCg = f−→AC,

−→
CAg = −2 CA2So �nally3.4 S′

△ = −5 S△ + 4 S△

(sin2 α + sin2 β + sin2 γ
)

S′

△
= −5 S△ + 16 S3

△

(

1

AB2BC2
+

1

BC2CA2
+

1

CA2AB2

)For equilateral traingle we have, as said before:3.5 S′

△ = −5 S△ + 4 S△

9

4
= 4 S△so after k iteration Sk = 4k S0.
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